In this paper we derive new exact solitary wave solutions and quasi-periodic traveling wave solutions of the KdV-Sawada-Kotera-Ramani equation by using a method which we introduce here for the first time. Firstly, we reduce the associated fourth-order nonlinear ordinary differential equation (ODE) into a solvable first-order nonlinear ODE to obtain new exact traveling wave solutions, including the solitary wave and periodic solutions. Furthermore, using the new method we derive the quasi-periodic wave solutions of this equation by assuming that the solutions of the corresponding higher-order ODE are the sum of the solutions of two solvable first-order nonlinear ODEs. This new method can be used to investigate the exact traveling wave solutions and quasi-periodic wave solutions of a general class of higher-order wave equations.
Introduction
In this paper we study the KdV-Sawada-Kotera-Ramani equation [ , the traveling wave solutions of (.) were studied by using the generalized auxiliary equation method. Unfortunately, too many undetermined coefficients were involved in this method and some conditions on these coefficients were ignored, and thus some wrong results were given in [] , which can be checked by Maple. We aim to investigate the traveling wave solutions of the KdV-Sawada-Kotera-Ramani equation (.) in the form u(x, t) = y(ξ ) = y(x -ct), where c is the wave speed. Under the traveling wave coordinates, (.) is transformed to the nonlinear ordinary differential equation of the independent variable ξ . By integrating the transformed ODE once with respect to ξ , we obtain Notice that (.) contains
dξ  , and a polynomial of y. Clearly, the general form of (.) is given by
which is actually a special case of the equation
with C = . In fact, there exist a lot of nonlinear wave equations and some time-fractional nonlinear wave equations whose corresponding ODEs or their reduced ODEs are special cases of (.). See for example [, , , , ].
Recently by using the sub-equation method and dynamical system analysis, the bifurca- The main idea of the sub-equation method is to assume that the solutions to higher-order ODEs are polynomials of some functions satisfying a simpler equation. However, we observe that a family of solutions to (.) can be the sum of two solutions to a second-order ODE which can be reduced to a first-order nonlinear ODE. By using the exact solutions 
where
Note that all the denominators in (.) are assumed to be nonzero. If the denominator of a i in (.) is zero, then a i can be arbitrary constant provided the numerator is also zero. 
Theorem .
and an unbounded solution
where ξ  is an arbitrary constant.
is a family of smooth periodic solutions of (.).
and a constant solution 
is a family of smooth periodic traveling wave solutions of the KdV-Sawada-Kotera-Ramani 
3 Exact quasi-periodic traveling wave solutions of the KdVSawada-Kotera-Ramani equation
In this section, we obtain a new family of exact traveling wave solutions of the KdVSawada-Kotera-Ramani equation (.), which includes the quasi-periodic solutions.
A new family of exact solutions and quasi-periodic solutions of (1.3)
where F  and F  are some constants to be determined later, g  and g  are arbitrary constants. Clearly, y = U + V solves (.) if there exist some values of F  and F  such that U and V satisfy
respectively. Suppose U satisfies the first equation of system (.). Multiplying it by dU dξ and integrating once, we obtain dU dξ
where G  is an integral constant. By letting a  = -D/A, a  = -E/A, and a  = -(F -F  )/A, from Theorem ., we know that U solves system (.) if and only if 
Obviously, (.) is equivalent to the first-order ODE dφ dξ
if dφ/dξ =  except for the case when φ = (-B ± √ B  -F)/(A). Here G is an arbitrary integral constant. From (.), we can obtain the solutions of (.). 
Exact solutions and quasi-periodic solutions of the
Note that G is an arbitrary constant, U and V are not constants except -a± √ a  + bc/ (b). Consequently, we know that when the wave speed c satisfies a  + bc > , i.e., 
where  (θ , c) = In fact, from Theorem ., we can obtain the following three classes of solitary wave solutions; two families of periodic wave solutions, a family of quasi-periodic wave solutions, and some unbounded solutions.
() For any constant c satisfying a  + bc > , 
and 
are two families of periodic wave solutions of the KdV-Sawada-Kotera-Ramani equation. () For any constant c satisfying a  + bc >  and two arbitrary constants θ  and θ  sat-
, and  (θ i ) = -θ 
is a family of bounded wave solutions of the KdV-Sawada-Kotera-Ramani equation (see () For any constant c satisfying a  + bc > ,
are unbounded solutions of the KdV-Sawada-Kotera-Ramani equation. Note that solutions (.) and (.) are the solutions (.) and (.), respectively.
Conclusion and discussion
In this paper, we studied the exact traveling wave solutions to the KdV-Sawada-KoteraRamani equation (.) via the sub-equation in the form (dy/dξ )
The sub-equation of similar form, namely (dy/dξ )  = P m (y), where P m (y) is a polynomial of y, has been applied to investigate some nonlinear wave equations [-]. In all these papers, the solutions to the original equations are usually the polynomial functions of the solutions to the sub-equations. However, by using the new method introduced in this paper (the sum of two solutions to sub-equations), we obtained many new exact traveling wave solutions to the KdV-Sawada-Kotera-Ramani equation (.). Especially, some quasiperiodic wave solutions were derived by using this new method. Furthermore, we obtained a very general class of exact solutions of the KdV-Sawada-Kotera-Ramani equation (.), which included the solitary wave solutions, periodic and quasi-periodic traveling wave solutions and some unbounded traveling solutions as well. Our results are more general than those obtained previously in the literature. For example, the solutions () and () in [] actually can be rewritten as our solutions (.) and (.), respectively. Unfortunately, () and () in [] do not satisfy (.) and hence are not the solutions of (.). It is well known that not only the exact solutions but also the bifurcations of the dynamical systems can be investigated by using the dynamical system theorem [, ]. The planar dynamical system method has been well applied in studying the traveling wave solutions of various nonlinear wave solutions [, , , -]. However, it is usually very difficult to study the systems in a higher-dimensional space unless they can be reduced to a two-dimensional space. Normally, the higher-order differential equations can be reduced to a lower-dimensional space provided that their first integrals can be derived [, , ]. Unfortunately, it is usually intractable to derive their first integrals. In this paper, we reduced the higher-order ODE into planar dynamical system by finding its lower-order sub-equation. Whether there are any other kinds of sub-equations possessed by this class of equations is still an open problem.
The method proposed in this paper can be applied to other nonlinear wave equations, especially to higher-order nonlinear wave equations. This might pave the way to the study of the exact traveling wave solutions of higher-order nonlinear wave equations. However, whether and how this method can be used to investigate the multiple-wave solutions of higher-order nonlinear wave equations will be the topic of our future study.
